Intensity mapping of the HI brightness temperature provides a unique way of tracing largescale structures of the Universe up to the largest possible scales. This is achieved by using a low angular resolution radio telescopes to detect emission line from cosmic neutral Hydrogen in the post-reionization Universe. We use general relativistic perturbation theory techniques to derive for the first time the full expression for the HI brightness temperature up to third order in perturbation theory without making any plane-parallel approximation. We use this result and the renormalization prescription for biased tracers to study the impact of nonlinear effects on the power spectrum of HI brightness temperature both in real and redshift space. We show how mode coupling at nonlinear order due to nonlinear bias parameters and redshift space distortion terms modulate the power spectrum on large scales. The large scale modulation may be understood to be due to the effective bias parameter and effective shot noise.
I. INTRODUCTION
It is common in cosmology to assume that only linear perturbation theory is needed for a sufficient description of clustering of Large Scale Structures (LSS) on large scales [1] [2] [3] [4] . This is motivated by the inference drawn from the imprints of LSS on the Cosmic Microwave Background (CMB) radiation [5] . There is no evidence yet, to suggest that fluctuations of observed tracers of the underlying matter density field on large scales is only a linear map of the matter density field. Rather, evidence from large-scale N-body simulations suggests that simple linear parametrization of the bias parameter is too simplistic and insufficient to describe clustering of biased tracers [6] . Semi-analytic treatment of halo clustering also supports this. It shows that the relationship between haloes and dark matter density field can be nonlinear, stochastic and even non-local [7, 8] . Similarly, it has been shown [9] that for an accurate description of damping of Baryon Acoustic Oscillation (BAO) seen in N-body simulations, nonlinear corrections due to the Redshift Space Distortions, (RSD) must be taken into account.
At the linear order, modes evolve independently, which allows splitting of the RSD effect(especially the part due to gravitationally-induced peculiar velocity) into large-scale Kaiser effect and small scale Finger of God (FoG) effect [10] . Beyond the linear order in cosmological perturbation theory, both long and short wavelength modes of the peculiar velocity are coupled [11] . The mode coupling leads to a modulation of the amplitude of the long wavelength modes by the short wavelength modes [11] . This paper investigates the consequences of this coupling on the clustering of HI on large scales.
We illustrate in figure 1, how nonlinearity in the bias and RSD affect clustering of observed fluctuations of the HI brightness temperature and galaxy number count. Our treatment of these effects is based on general relativistic perturbation theory, which we use to derive for the first time the expression for the HI brightness temperature up to third order in perturbation theory. The expression we found includes all important general relativistic corrections at the linear order, RSD and weak gravitational lensing corrections at higher orders. We then explore in detail how nonlinearity in the bias and RSD contribute to the power spectrum on large scales. We show that for the HI power spectrum at one-loop level, nonlinear effects in the local bias model introduce stochasticity in the correlation between HI density fluctuation and the underlying matter density field. And that it could lead to a spurious scale-dependence in the effective bias parameter on large scales if it isn't properly accounted for. Also, we quantify the error associated with using the linear theory prediction for the HI power spectrum to analyse observation on large scales Recent work in this direction includes [12] , where it was pointed out that nonlinearity in the bias parameter modulates the power spectrum of the HI brightness temperature on ultra-large scales. The study was not conclusive because third order perturbation of the HI brightness temperature was not captured in the study, hence not all important one-loop terms were consistently included. The modification of the galaxy power spectrum on large scales by nonlinear bias parameters in real space was studied in [13] and steps on how the bias parameters could be reorganized to take into account the effect of mode coupling were discussed in [14, 15] . This approach was extended in [11] to include other two-loop terms. Scoccimarro (2004) [16] discussed extensively the validity limits of the standard perturbation theory techniques. He showed that the prediction of the standard perturbation theory in redshift space cannot be trusted below the nonlinear scale. Here, we focus attention on scales larger than nonlinear scale, where the suitability of perturbation theory techniques is not under any debate.
Our fiducial model is determined by the Planck 2015 best-fit values [17] ; in particular, h = H 0 /100 = 0.678, Ω m0 = 1 − Ω Λ0 = 0.308. A busy reader can skip section II which covers general relativistic perturbation theory. Details on how we compute the power spectrum of the HI brightness temperature in redshift space are given section III. The key results are presented and discussed in sectionIV. We conclude in section V. We have three sections in the 1. This is a tree diagram showing how observed tracers of the underlying matter density field relate to the initial condition of the universe. A comparison is made with the CMB to illustrate the level of complexity involved. The red boxes on the sides indicate the level of analysis technique required to sufficiently describe the underlying physical effect. At the top of the tree is the state of the initial condition that we hope to understand. The CMB and fluctuations in the dark matter density field probe the initial conditions directly and on large scales, the linear theory does capture the underlying physics with sufficient accuracy. The link between the perturbation in dark matter density field and fluctuations of the observed tracers, for example, number count of galaxies or HI brightness temperature, involves two distinct physical processes (i.e halo/galaxy/HI bias and RSD) which cannot be described sufficiently within the linear theory on any scale.
appendix: In appendix A, we discuss how to split perturbations into components parallel to the line-of-sight (LOS) and transverse to the LOS. We review details of statistics of dark matter perturbation in Appendix B and explain how we obtain HI bias parameters from halo bias parameters in Appendix C.
II. PERTURBATION OF HI BRIGHTNESS TEMPERATURE
Intensity mapping (IM) of HI brightness temperature is a novel technique capable of mapping the large-scale structures of the universe in three dimensions. This is achieved by measuring the intensity of the redshifted 21cm neutral Hydrogen (HI) line over the sky within a determined redshift range without having to resolve individual galaxies that contain them. At low redshift, after re-ionization, most of the HI are resident in dense gas clouds in galaxies. These clouds of HI emit a unique intensity at a particular frequency determined by the quantum mechanics of electron spin. The brightness temperature (T obs ) associated with the HI intensity assuming a blackbody radiation is given by [3, 18] T obs (z, n) = 3π
where z is the redshift of the source, λ is the affine parameter distance to the source of the HI signal, n is the direction of the source, E 21 is the proper energy of the emitted photons, A 10 = 2.869 × 10 −15 s −1 is the emission rate and n HI is the number density of the HI atoms. In real space, expanding the T obs in perturbation theory, simply corresponds to expanding only the number density in perturbation theory, since the redshift Jacobian, J ∼ dλ/dz is fully determined by the background model:
where δ HI = (n HI −n HI )/n HI is the density contrast of the HI number density andn HI is mean number density. Within standard cosmological perturbation theory, we normally assume that the mean number density n HI (z) = n HI (z) =n FLRW HI (z), i.e we assume thatn HI is determined by the background FLRW spacetime. This assumption will be corrected when we relate δ HI to the underlying matter density field at nonlinear order. We have truncated the perturbation theory expansion at the third order since it is all that we will need to be able to calculate the power spectrum at the one-loop level consistently. In redshift space, equation (2) is not enough, we need to also expand J in perturbation theory as well because the observed redshift of a source cannot be accounted for entirely by the Hubble flow. We use δz to denote the perturbation in the redshift of the source. The perturbation is mainly due to the Doppler effect, the relative gravitational potential between the observer and the source, the integrated effect due to varying gravitational potential wells along the line of sight and other special relativistic effects. δz may be expanded in perturbation theory:
Using equation (3) we could derive an expression describing how the real space position of the source is distorted due to these gravitationally induced effects
where H is the Hubble parameter in the conformal time coordinate system and denotes derivatives wrt to the conformal time. Beyond linear order in perturbation theory, we shall focus only on the contribution due to Doppler effects(i.e gravitationally induces peculiar velocity v i ), since it dominates over all other effects in δz. So for n ≥ 2, we set
. From equations (4) and (3), the Jacobian of the transformation between real and redshift space becomes
Putting equations (5) and (2) in equation (1) leads to
whereT is the mean HI brightness temperature. On an FLRW background space-time, it is given bȳ
Here Ω HI is the comoving HI mass density in units of the current critical density and H 0 is the Hubble constant today. The perturbation of the HI brightness temperature ∆ T is given by
The last term in equations (9) and last three terms in (10) appear because we have corrected for the fact that photons do not propagate on the background space-time but rather on the physical space-time and that the line of sight direction gets modified by the presence of inhomogeneities as well. This is the so-called Born and Post-Born corrections respectively. They were implemented as follows:
In our notation, δT is proportional to ∆ T without the Born and or post-Born correction. ∇ a is the background covariant derivative and ∆x a denotes the difference between real and redshift space. We will replace equation (8) with the general relativistic version presented in [12] . The contributions of the general relativistic terms at nonlinear order are sub-dominant on all scales at the power spectrum level [19] and also for the angular bispectrum [20] . They are important for the bispectrum [21] but we do not consider it here. The dominant terms from the decomposition of ∇ a are
The full version of these expressions are given in appendix A. The component of ∆x a parallel to the LOS is denoted by ∆x and the component orthogonal to the LOS is denoted by ∆x i ⊥ . ∇ is the derivative along the LOS direction ∇ = n i ∇ i and ∇ ⊥i is the screen-space projected angular derivative ∇ ⊥i = N i j ∇ j = ∇ i − n i ∇ , where N ij is the metric on the screen space. We have retained ∆x i ⊥ for completeness. In the plane-parallel limit, it is set to zero. The contribution of this component has not been considered in any study up to third order in perturbation theory. Given a metric in Poisson gauge(see appendix A for further details), we find
where Φ A = (Φ + Ψ), Φ and Ψ are the gravitational potential and scalar curvature perturbations respectively. χ is the comoving distance to the source, it is related to the affine parameter(or conformal time) on the conformal background spacetime, (16) is in agreement with the argument in [22] on how to correctly implement the post-Born corrections. Equation (15) is related to the gravitational lensing bending angle at linear order, while equation (16) is the corresponding expression at second order. For the component of ∆x a along n a we find
In addition to the approximation we made for the redshift perturbation at higher order, we shall further assume that the contribution from the LOS derivative of the peculiar velocity term is greater than its conformal time derivative(∂ v
, hence the derivative of the redshift perturbation with respect to the affine parameter is approximated as follows (d/dλ = ∇ η − ∇ ):
Putting equations (17), (18), (15) and (16) in equations (9) and (10) and performing some algebraic simplification lead to:
+2 ∇ ⊥i δ
(1)
A ,
where we have replaced the linear order result with the full general relativistic version given in [12] . Equations (21) and (22) were presented in [12] and they are in agreement with [20] . The evolution bias is related to the mean number density:
A dχ .
Equation (23) is one of the new key results of this paper. In the plane-parallel limit, equation (23) reduces to
.
Equation (24) is in agreement with the results of [13, [23] [24] [25] for the number count of galaxies in the Newtonian limit. Finally, equation (23) is the state of the art for the perturbation of HI brightness temperature in redshift space.
III. POWER SPECTRUM OF THE HI BRIGHTNESS TEMPERATURE IN REDSHIFT SPACE
In this section, we compute the power spectrum of the HI brightness temperature using the results derived in section II in the plane-parallel limit. The HI density contrast that appears in equations (21), (22) and (23) is given in conformal Newtonian gauge, while the concept of bias only makes sense in the frame where the HI brightness temperature is at rest, i.e comoving synchronous gauge. Thus, we, first of all, transform δ HI into comoving synchronous gauge and at linear order, we find
Beyond the linear order, the difference between the comoving synchronous gauge and the conformal Newtonian gauge is of the order of terms we have neglected. A consistent bias model is needed to relate δ cs HI to the matter over-density δ m . We assume that the initial perturbations are Gaussian, and use an Eulerian local bias model, applied up to third order:
where b 1 , b 2 and b 3 are HI bias parameters. They are related to the derivative(s) of n HI wrt δ m . The effect of the tidal bias has been neglected since it is sub-dominant in the case of the power spectrum [26] . We have subtracted off
is the variance of δ m , k S is the small-scale cut-off and P m is the linear matter power spectrum. At every order, we replace δ (n) HI in equations (21)- (23) with
We expand δ (n) m in Fourier space according to
where F n is the kernel for the matter perturbation in Fourier space, further details on it is given in the appendix. We relate the velocity field to the dark matter density field in the Newtonian limit [25] 
where f is the rate of growth of structures, the full expression for G 2 and G 3 are given in appendix (B). The general relativistic corrections to these terms are of the order of terms we have neglected. We relate the gravitational potential to dark matter field using the Poisson equation
And introduce the primordial non-Guassianity in the linear bias parameter only at linear order by re-mapping the linear bias parameter [27, 28] 
Here the factor g(z = 0)/g(z ∞ ) ensures that f nl value is given in the CMB convention [29] , Ω m is a dimensionless density parameter for the matter field, D is the growth function for linear matter perturbation. T (k) is matter transfer function and H 0 is the Hubble rate today. The observed fractional HI brightness temperature is defined as:
The all sky average of ∆ T is zero by definition, but if we assume that T obs =T FLRW , we get a non-zero value. In order to ensure that ∆ T = 0, we have to renormalize the background temperature. In the observed redshift space, the average is more complicated but in the Newtonian limit, the velocity terms do not contribute, thus it reduces to an average of the physical number density
In order to obtain ∆ T = 0 or to ensure gauge invariance at second order, the mean temperature must be modified T =T FLRW +T FLRW ∆ T and perturbations of ∆ T in Fourier space then becomes
where ∆ T (k) is the Fourier transform of the renormalized temperature fluctuations
Here T = 1/(1 + ∆ T ) is the renormalization factor and Z (n) are kernels in Fourier space:
• The first order kernel is given by
where
The evolution bias is modified due to the modification to the global HI brightness temperature via the nonlinear bias parameter [12] :
The first two terms in equation (43) correspond to the Newtonian limit of the full result, it is so-called Kaiser formula [10] . The third term captures the Doppler effects and the last term describes the local general relativistic projection effects in the plane-parallel limit.
• The second order kernel for T obs is given by
where the third term is the nonlinear bias parameter. The last term in equation (47) incorporates all the nonlinear RSD terms
Equation (48) is describes the effect of the mode coupling between; (1) linear order RSD term and the linear order HI over-density, (2) two linear order RSD terms, (3) post-Born correction terms from the HI over-density field and linear order RSD term. An important feature to note in equation (48) is that it is tracer dependent.
• At third order, the kernel is given by
where the superscript 's' on each of the term indicates symmetrization on all label indices. Similarly, F 3 and G 3 capture the three-point mode coupling for the density field and peculiar velocity field respectively. They represent the effect of tidal gravitational interaction, their explicit forms are given in appendix B. The third and fourth terms are due to nonlinearity in the bias parameter. The last term in equation (49) is the most interesting, it takes the form
Equation (50) is a combination of all possible nonlinear RSD effects. It includes the mode-coupling RSD effect to the nonlinear bias, density field and velocity field. The most important feature to note is that this term is bias dependent as well, hence its effective contribution is dependent on the type of tracer.
We define the full redshift space power spectrum for T obs as
where P T is the total power spectrum of T obs, it splits into the tree-level P
11
T and one-loop P
22
T + P
13
T components:
where P m (k) is the linear power spectrum for the matter density field, P 13 δδ and P
θθ are parts of the one-loop component of the matter density field and velocity field respectively. They are given in appendix B. We defined an angle µ k as µ k = k 1 · k/kk 1 , so that µ 1 may be expressed in terms of µ k using addition theorem in the limit where k is aligned to n;
, we have set µ 3 = µ. The angle µ 2 is fixed using the momentum constraint
It was shown in [30, 31] that in this limit, it is possible to simplify the I R term in equation (54) further as follows:
where the integrands B mnij are given in appendix B. Without loss of generality, we dropped the imaginary part of the linear order kernel in the P (53) and (54) reduce to a corresponding set of equations for the matter power spectrum in redshift space.
In the limit where all the light-cone projection effects are set zero, equations (52), (53) and (54) reduce to a corresponding set of equations for the HI power spectrum in real space:
Beyond the linear order, the real space limit may also be obtained from equation (53) and (54) by setting µ = 0, i.e considering only the transverse component of the power spectrum. For b 1 = 1, b 2 = 0, b 3 = 0 andT = 1, we obtain the matter power spectrum in real space.
IV. RESULTS AND DISCUSSION
We now quantify the contribution of nonlinear effects to P T . For this analysis, we use the HI bias parameters computed from a simple Sheth-Tormen halo mass function [32] . The details on how we obtain HI bias parameters from halo bias parameters is given in Appendix C. The convolution integral in equation (54) is not well-behaved in the UV especially through the dark matter variance σ 2 k S . Thus, we insert a hard-cut off at nonlinear scale to regulate the integral (k 
IV.1. Renormalization of the HI power spectrum in real space
The HI power spectrum in real space receives corrections from nonlinear bias parameters on all scales. Most especially, the b 2 term leads to constant power on very large scales and it dominates on super-horizon scales [13, 15, 35] :
where F 2 (k, −k) = 0. It is possible to renormalize the power spectrum by subtracting this constant power from both sides of (57) :
where S n is constant in k and it behaves
Therefore, the effective P T on large scales is not given by the bare linear theory prediction (i.e P
11
T (k) =T 2 b 2 1 P m (k)) rather it gets a contribution from P NL T (one-loop correction). The contribution comes from the large scale constant power S n and the part of P
13
T which do not vanish on large scales (b 3 + b 2 68/21) σ 2 knl P m (k):
where P L T (k) is the renormalized tree-level power spectrum. Note that S n does not varnish from the HI power spectrum after renormalization, however, we shall see shortly that renormalization provides an interpretation for the term as stochastic power spectrum. S n does not contribute to the cross-power spectrum of the HI over-density and total matter density contrast δ,
where P T δ (k) is given by
On large scales, the effective or renormalized cross-power spectrum is given by
From equation (65) the effective bias parameter on large scales is simply a re-parametrization of the linear bias parameter
However, if one naively defines the effective HI bias parameter from the auto power spectrum of the HI brightness temperature, it will lead to
on large scales. Notice that the effective bias parameter inferred from P T (k) and the effective bias parameter inferred from P T δ (k) differ through S n . The difference denotes the stochasticity in the HI intensity map due to small scale fluctuations [13] , it is usually described by the cross-correlation coefficient [36] and for the local bias model it may be written in this form [37] r ≡ P T (k)
where we have taken the large scale limit. This is the randomness that arises whenever a tracer is not 100% correlated with the underlying matter density field. This indicates that HI can not remain a good tracer of the dark matter density field in the regime where baryon physics plays important role in clustering. Using equation (67) as the effective bias parameter, this term introduces a spurious scale dependence in the bias parameter on large scales. This is shown in figure2.
To obtain an effective HI bias parameter from P T , one must quantify this term exactly and then subtract it off from the auto-power spectrum:
eff [14, 15] . It is only after this is done that a correspondence with the effective bias parameter from the cross-power spectrum between HI and matter over-densities(see equation (66)) agree. Figure2 shows that this spurious effect can induce a scale-dependence on the effective bias parameter that could mimic the signature of the primordial non-Gaussinity at low redshift [38] . 
IV.1.1. Stochastic power spectrum, shot noise and nonlinear effects
We shall now attempt to link the induced stochasticity due to nonlinear effects on small scales discussed in section IV.1 to the total noise budget for discrete tracers. We follow closely the definition of the stochastic power spectrum for any tracer given in [36, 39, 40] . This definition assumes that on large scales, over-density is small hence linear local bias model is enough to relate a tracer to the underlying matter density field. The stochasticity in the tracer induces a power spectrum which may be defined as
where C(k) is the stochastic power spectrum at a given scale k, we have setT = 1 in this section in order to reduce clutter. For the local bias model, the linear bias parameter may be defined as b 1 = P T δ (k)/P m (k) leading to the definition of the continuous HI power spectrum on large scales as
What is observed/measured is not the continuous power spectrum given in equation (71) but the discrete tracer power spectrum(HI are resident in galaxies at low z and galaxies are discrete objects). For a finite number of discrete sources N , at position x in a finite volume V , the HI over-density in Fourier space is given by
The power spectrum associated with the finite number of discrete sources may be defined as
where P shot T denotes the power spectrum associated with the shot noise and the non-zero separation part is identified with the continuous part of the discrete tracer power spectrum. In the second equality, we have replaced the continuous power spectrum with its definition given in equation (71) and in the third equality, we defined an effective noise parameter as a sum of the stochastic power spectrum and the intrinsic shot noise: S eff n = P shot T + S n . Here, S n is interpreted as an additional correction to the noise budget due to nonlinear mode coupling [39] . This is the rationale behind the identification of S n as shot noise in [14, 15] .
We show in the right panel of figure 3 the effective or renormalized HI bias parameter(equation 66) assuming Sheth-Tormen model gives a fair estimate. In the left panel we show how it re-scales the power spectrum at one-loop order by computing the frame difference:
There are two important consequences arising from equation (74) in the analysis. These consequences are:
1. On large scales, nonlinear effects lead to an effective bias parameter which is different from the linear bias parameter estimated from the halo or HI mass function:
The terms in the bracket on the RHS are nonlinear bias parameters, multiplied by the matter variance. When the bias parameter is estimated from observation using the two-point correlation function, the measured value of the bias parameter will correspond to b T δ eff and not b 1 . 2. Secondly, nonlinear effect induces a stochastic power spectrum which becomes important on large scales. The existence of the stochastic power spectrum indicates the break-down of perfect traceability by HI of the underlying matter density field.
Finally, in addition to S eff n , the total power spectrum of the HI brightness temperature is also contaminated by the instrumental noise, galactic and extra-galactic foreground. However, most of the analysis of total power spectrum have so far neglected the contribution from S eff n [1] . The motivation for this is that the effect of P shot T for the intensity mapping experiment is negligible [1, 41, 42] . It would be interesting to see whether the smallness of P shot T also implies that S eff n is negligible. Following [1] , P shot T may be calculated from the comoving number density of haloes
where ρ HI (z), n h , M HI and the integral limits are defined in the appendix. Redshift evolution of the stochastic power spectrum, shot noise, the continuous power spectrum and discrete power spectrum. We set k = 10
The fractional contribution of the stochastic power spectrum and shot noise to the discrete power spectrum with k set at 10
The renormalization procedure we have described provides a framework for interpreting the stochastic power spectrum as part of the total noise budget. We show in figure 4 that the contribution from S n is greater than that from P shot T for the HI intensity mapping experiment. And that the effective shot noise contribution is dominated by S n . The left panel shows that S n constitutes about 5% of discrete power spectrum at z ≤ 0.5 and k = 10 −3 hMpc −1 . This is likely to have implications for the Fisher forecast analysis since the derivative of S n wrt the cosmological parameters is non-vanishing. Note that S n does not depend on any scale chosen to regulate the integral.
IV.2. HI power spectrum in redshift space
For the HI power spectrum in redshift space, we do not assume any phenomenological model for the FoG effect since our key interest is on the ultra-large scale features of the power spectrum. We show in figure 5 the relative contributions of P 11 T , P
22
T and P
13
T to the total radial power spectrum(top left panel) and transverse power spectrum(top right panel). The plots show that in addition to the well-known imprint of nonlinear effects on the power spectrum on sub-horizon scales, the one-loop term gives a non-vanishing contribution on ultra-large scales, i.e k ≤ k eq through what may be considered as an additional correction to the bias parameter:
The additional term, I R is due to nonlinear redshift space distortions(see equation (54)). For µ = 0, we recover the real space effective HI bias parameter(see equation (66)). The fractional difference is weakly scale dependent in redshift space, this is due to the contribution from I R . This ultra-large scale dependent imprint of nonlinear effects is absent in the phenomenological models of the power spectrum in redshift space [16] , since they assume a simple linear map of the galaxy over-density to the matter over-density [9] . In the lower panels of figure 5 , we quantify the effective contribution of nonlinear effects to the power spectrum explicitly by computing the fractional difference. We show in the lower left panel of figure 5 , that the error could be up to 12% on equality scale k eq . In the lower right panel of the same figure, we find about 5% correction for the orthogonal power spectrum, at k eq . The linear P T goes to zero on horizon scale, k H , this is due to vanishing of RSD and Doppler correction in the transverse direction. Therefore, the effective contribution is due to gravitational redshift term and δ HI and the contribution from their cross correlation is negative in the neighbourhood of the horizon scales. In redshift space, the effective P T on large scales may be approximated by 
) power spectrum at z = 0.5 in the left and right panel respectively. The linear part of the transverse power spectrum goes to zero at about k ∼ kH, this feature was first reported in [43] for the galaxy power spectrum. In the lower sections of each panel, we show the fractional difference between the total power spectrum and the linear theory prediction. Equation (79) reduces to equation (62) in the limit where all the light-cone projection effects are set to zero. On small scales, the product of two linear order RSD terms (Kaiser term) contained in P
22
T is the dominant term:
Equation (80) vanishes for µ = 0. We conclude this section by computing the monopole of the HI power spectrum At z = 0.5, there is about 7% modulation in the amplitude of the monopole of P T by nonlinear effects on large scales. The effective contribution drops to less than 2% at the horizon scale. In the right panel of figure 6 , we show the redshift dependence of nonlinear effects on the power spectrum. The magnitude of the nonlinear correction increases slightly as the redshift increases. This feature is due to the redshift evolution of the bias parameters. We summarise the imprints of nonlinear effects in the bias and nonlinear RSD onP T on all scales in Table I . We did not calculate the effective HI bias in redshift space in a similar way as we did in real space, this will be pursued in a future work since it will require the monopole of the matter power spectrum in redshift space which is beyond the scope of this work.
TABLE I. Summary of the imprint of nonlinear effects in the bias and nonlinear RSD on HI power spectrum in redshift space at z = 0.5. ∆ corresponds to the percentage error associated with using linear theory approximation to calculate the HI power spectrum. We defined k end BAO ≈ 0.3 hMpc −1 . Predictions of the standard perturbation theory at one-loop level may not be trusted beyond kBAO at z = 0.5.
V. CONCLUSION
In this paper, we have studied in detail, how nonlinearity in the bias and peculiar velocity could modulate clustering of HI brightness temperature on large scales. We approached the problem by using the general relativistic perturbation theory techniques to derive for the first time, the full nonlinear expression for the HI brightness temperature up to third order in perturbation theory in the post-re-ionization universe. The full expression we derived, describes how weak gravitational lensing, redshift space distortions induced by the peculiar velocity, gravitational redshift, ISW and HI bias affect the clustering of the HI brightness temperature. When we take the plane-parallel approximation, we recover exactly the previous results that made use of a different technique to derive the corresponding expression for the galaxy number count in the Newtonian limit [13, 25] .
Our expression for the perturbed HI brightness temperature includes contributions from: the Sachs-Wolfe effect(gravitational redshift correction), Integrated Sachs-Wolfe effects(contribution due to evolving gravitational potential along the line of sight), Doppler effects(effect due to relative motion of the source and the observer), Kaiser effect(linear RSD), nonlinear RSD (FoG effect) and weak gravitational lensing. We introduced the HI bias after transforming the HI over-density to the comoving synchronous gauge, then use simple local Eulerian bias model expanded up to third order in perturbation theory to relate it to the underlying dark matter density field. The HI bias parameters were calculated from the halo model using Sheth-Torman halo mass function [44] . We allowed non-Gaussianity in the bias only in the linear order perturbation of HI number density, since its influence on the bias is sub-dominant at one-loop level. The signal from non-Gaussianity in the matter density field is also sub-dominant at power spectrum level, hence we neglected it as well.
We calculate the real space power spectrum of the HI brightness temperature at four different redshift points. We use a bias renormalization prescription presented in [15] to renormalize FLRW background number density of HI atoms and the brightness temperature. The auto power spectrum of the HI bias parameter at second order leads to a white noise-like contribution on large scales, this contribution may be treated as part of the effective shot noise contribution. We also calculate the redshift space power spectrum of the HI brightness temperature. We show that, in addition to nonlinear effects contributing significantly to the power spectrum on small scales, it also modulates the power spectrum on large scales due to mode coupling at nonlinear order. We show that on scales k ≤ k eq , P T receives a cut-off dependent correction from nonlinear effects in the bias and nonlinear RSD.
Finally, all the results we presented on modulation of the HI power spectrum on large scales by nonlinear effects is dependent on the cut-off chosen to regulate the convolution integrals in P
13
T . We adopted a simple regularisation technique which suppresses modes greater than k nl . This cut-off is chosen to ensure that we remain within the regime of validity of the cosmological perturbation theory [33] . A more rigorous treatment will involve adopting a renormalization procedure that could eliminate the dependence of the result on a cut-off scale [45] . Also, we used a simple ShethTormen halo mass function [32] and a polynomial fit for the HI mass profile to estimate all the HI bias parameters. A more accurate model for the HI mass would be needed for a more accurate quantitative treatment [46, 47] .
with k = k 1 + k 2 + k 3 in the last two expressions. The subscript S indicates that the expression has been made symmetric w.r.t. any permutation of the arguments. We normalized the dark matter kernels appropriately to agree with the coefficient of our Taylor expansion. The matter power spectrum up to one-loop correction is given by
where P m (k) is the standard linear dark matter power spectrum and other one-loop correction terms are given by 
Similarly, for the peculiar velocity term, we have
where P 22 θθ (k) and P 13 θθ (k) take similar forms as in equation (B9). 
